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In planned missingness (PM) designs, certain data are set a priori to be missing. PM designs can
increase validity and reduce cost; however, little is known about the loss of efficiency that accompanies
these designs. The present paper compares PM designs to reduced sample (RN) designs that have the same
total number of data points concentrated in fewer participants. In 4 studies, we consider models for both
observed and latent variables, designs that do or do not include an “X set” of variables with complete data,
and a full range of between- and within-set correlation values. All results are obtained using asymptotic
relative efficiency formulas, and thus no data are generated; this novel approach allows us to examine
whether PM designs have theoretical advantages over RN designs removing the impact of sampling error.
Our primary findings are that (a) in manifest variable regression models, estimates of regression coefficients
have much lower relative efficiency in PM designs as compared to RN designs, (b) relative efficiency of
factor correlation or latent regression coefficient estimates is maximized when the indicators of each latent
variable come from different sets, and (c) the addition of an X set improves efficiency in manifest variable
regression models only for the parameters that directly involve the X-set variables, but it substantially
improves efficiency of most parameters in latent variable models. We conclude that PM designs can be
beneficial when the model of interest is a latent variable model; recommendations are made for how to
optimize such a design.
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1. Introduction

In planned missingness (PM) designs, certain data are randomly determined a priori to
be missing. Reasons to use these designs include reducing participant burden in long surveys
(Graham, Hofer, & MacKinnon, 2006; Saris, Satorra, & Coenders, 2004), reducing unplanned
missing data rates (Harel, Stratton, & Aseltine, 2011), reducing cost over longitudinal assessments
(Graham, Taylor, & Cumsille, 2001), and reducing retest effects and otherwise increasing data
quality (Harel et al., 2011). In general, PM designs can increase validity and/or reduce the cost
of data collection; however, little is known about the power loss associated with these designs.
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A wide range of PM designs have been proposed, including designs for multi-trait multi-
method research (Bunting, Adamson, & Mulhall, 2002; Saris et al., 2004; Revilla & Saris, 2013),
longitudinal growth curves (Graham, Taylor, & Cumsille, 2001; McArdle & Woodcock, 1997;
Mistler & Enders, 2012), cross-sectional survey research (Graham et al., 2006; Raghunathan &
Grizzle, 1995; Thomas, Raghunathan, Schenker, Katzoff, & Johnson, 2006), case—control research
(Wacholder, Carroll, Pee, & Gail, 1994), and educational assessment (e.g., “matrix sampling,”
Shoemaker, 1973; Sirotnik & Wellington, 1977). The multi-form PM design (variously referred to
as the “partial questionnaire,” “split questionnaire,” or “split ballot” design) is one of the simplest
and most versatile of these, where each participant is randomly assigned to receive only a subset
of all variables (Arminger & Sobel, 1990; Graham et al., 2006; Raghunathan & Grizzle, 1995;
Wacholder et al., 1994). The multi-form design is most useful when one wants to collect data
using a large number of variables but is faced with time constraints or concerns about respondent
burden and fatigue. The most popular of these designs is the 3-form design (Graham et al., 2006;
Graham, Hofer, & MacKinnon 1996; Graham et al. 1994), in which the variables are divided
into 4 subsets including a common set (X) and three partial sets (A, B, and C). The variables
assigned to X include those that are central to the study’s main hypotheses and are part of the
model as well as those that are indicative of potential MAR missing processes and thus serve
as auxiliary variables. The partial sets of variables in A, B, and C plus the common set X form
three combinations: XAB, XBC, and XAC. Each combination is administered to one third of the
participants. Random assignment to forms results in data that conform to the missing completely
at random (MCAR; Little & Rubin, 2002) assumption.

Missing data, even if they are MCAR, will have a detrimental effect on the efficiency of
the resulting estimates by reducing the amount of information available in a dataset (Orchard &
Woodbury, 1972). This loss of efficiency in PM designs is relative to the design where all data
are observed on all participants. A different comparison case would be a Reduced N (RN) design,
where complete data are gathered on fewer total cases, resulting in the same total number of
data points. It is not known how the efficiency of PM designs compares to such RN designs. It
is possible that a larger dataset with some amount of planned missingness will result in more
efficient parameter estimates than a smaller, complete dataset (Graham et al., 2001; Mistler &
Enders, 2012).

We conducted four studies to examine the asymptotic relative efficiency of parameter esti-
mates under PM designs relative to complete data (CD) designs across a range of parameter types
and models. The studied designs included full PM designs (all cases have missing data), reduced
N designs (RN; all cases are complete, and the sample size is reduced such that the total number
of data points is the same as in a PM design), and a full range of intermediate (INT) designs
having some proportion of cases with complete data and the remainder with missing data, with
the sample size adjusted such that the total number of data points is the same as in the PM and
RN designs.

For PM designs, relative efficiency (RE) was defined as the ratio of the squared standard
errors for a parameter estimated in a PM design versus a complete data (CD) design with the
same N. RE ranges from O to 1, where lower values reflect more efficiency loss as a result of
missing values. RE thus provides the researcher with valuable information about the extent to
which significance tests and confidence intervals are affected by missing data. For example, RE
can be used to compute a width inflation factor, WIFy = 1/ +/REg, which reflects the extent to
which a confidence interval around the estimate of parameter 6 is expected to be inflated relative to
complete data, and it can be used to compute an effective sample size, N; = N -REy, the complete
data sample size that would result in the same efficiency for parameter j (Savalei & Rhemtulla,
2012). Given the results of a power analysis based on complete data, RE can be translated directly
into power (more details are given in the next section).
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FIGURE 1.
Power to test the hypothesis that 6; > 0 based on a Wald test. wcp is power based on the complete data (CD) design.

For RN and INT designs, adjusted relative efficiency (ARE) was studied, defined as the ratio
of the squared standard errors for a parameter estimated in an RN or INT design versus a CD
design while equating the total number of data points. ARE allows direct comparisons of PM, RN,
and INT designs. For example, ARE provides a direct comparison of a PM design that measures
75 % of variables on a sample of size N, an RN design that measures 100 % of variables on a
sample of size .75N, and an INT design that measures 100 % of variables on 50 % of a sample
size of .86 N and 75 % of variables on the other 50 % (see Figure 1). For PM designs, ARE simply
equals RE. Evaluating efficiency per data point is critical for determining the real cost savings of
PM designs, under the assumption that research cost is a linear function of the number of data
points collected. Of course, in many situations, cost is not linearly related to the number of data
points (e.g., cost per participant might double when an assessment gets too long to complete in
one sitting). If the cost of collecting complete data on a participant relative to the cost of collecting
incomplete data (on a PM design) is known, then RE estimates can be transformed to accurately
reflect cost efficiency (more details are given under “cost efficiency” in Sect. 7).

There is some indication in the literature that PM designs can result in more efficient estimates
than RN designs. First, in the context of longitudinal PM designs, Graham et al. (2001) examined
the power to detect the effect of group membership (a complete binary predictor) on the latent slope
in a linear growth-curve model with five waves of data and planned wave-level missingness. They
studied five PM designs, where participants missed up to two waves out of five (e.g., missingness
was distributed equally across waves or concentrated in the middle waves, with the total amount
of missing data varying from 17 to 55 %). Every PM design resulted in an estimate of the effect
of group membership (a binary observed variable) on slope that was more efficient than in the
corresponding RN design. Graham et al. did not report the results for any other parameters.

Second, Mistler and Enders (2012) extended Graham et al.’s finding by examining power to
detect the mean of linear and quadratic latent slopes. They investigated two PM designs in which
participants missed two out of six waves: missingness was either distributed equally across waves
or confined to the middle four waves. Both linear and quadratic slope means were more efficiently
estimated when missingness was confined to the middle waves than in the RN design, and the RN
design produced more efficient estimates than when missingness was distributed equally across
all six waves.
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Third, Raghunathan and Grizzle (1995) examined the efficiency of a single logistic regression
coefficient estimate in a multi-form design where 1,000 (simulated) participants completed 3 out
of 5 item sets, leading to 40 % missing data on every variable. The model had a binary dependent
variable, a binary predictor, and two continuous predictors. The parameter of interest was the
regression path of the binary predictor on the binary dependent variable; these were assigned to
different item sets. Missing data were dealt with using multiple imputations, and efficiency was
measured via the width of the confidence interval surrounding the target regression coefficient
relative to the width of the CD design confidence interval. The lowest observed ratio was 1.006
(reflecting a confidence interval that was a scant .6 % wider than that obtained from complete
data); this ratio was observed when the strength of correlations among pairs of items between
item sets was high (.8), while the strength of correlations among pairs of items within a set was
low (.1). The highest observed ratio was 2.179 when the strength of all correlations (both between
and within item sets) was .1. This study did not include the comparable RN condition (i.e., a
complete data design with 20 % fewer cases). Had the RN condition been included, the expected
value of its confidence interval ratio would be 1/+/.80 = 1.12. That is, the RN design would be
less efficient than PM when correlations are high (1.12 > 1.006) and more efficient than PM
when correlations are low (1.12 < 2.179).

The finding that correlation strength affects efficiency is supported by other research as well.
Graham et al. (1996) examined the average standard error of variance and covariance estimates
resulting from either assigning whole scales to the same set or to different sets in a 3-form PM
design. Items on a scale typically have higher correlations with each other than with items on other
scales; thus, assigning entire scales to sets results in high within-set correlations, whereas splitting
scales across sets results in higher between-set correlations. Graham et al. generated 3-item scales,
with intra-scale item correlations ranging from .3 to .9, and inter-scale item correlations ranging
from .1 to .5. The results reflected the same pattern found in Raghunathan and Grizzle (1995):
Average efficiency was higher when scale items were highly correlated with each other, and they
were assigned to different sets (resulting in high between-set correlations). In their most dramatic
finding, when intra-scale correlations were .9 and inter-scale correlations were .1, average standard
errors (averaged across parameter type) were five times larger when scale items were assigned
to the same set than when they were split across sets. Graham et al. did not report efficiency
relative to RN or complete data designs, however, so it is not known which, if any, of these
observed standard errors represented an efficiency advantage relative to an RN design. They also
did not report efficiency gains for the two parameter types separately, so the differential effect of
correlation strength on efficiency of variances and covariances cannot be assessed.

This review suggests three factors that may affect the efficiency of parameter estimates in
PM designs. The first is the type of parameter (e.g., covariances vs. regression coefficients). Even
a reparameterization of the same mean and covariance structure will change the efficiency of the
corresponding parameters. The second is the absolute and relative strength of between-set and
within-set correlations. Third is the proportion of fully observed cases included in the design
(e.g., a full 3-form PM design where all rows have missing data vs. an INT design where 20 % of
rows are fully observed but the total sample size is smaller). While several studies have examined
the impact of using a PM design on efficiency of certain types of parameters in certain types of
models, no study has systematically examined how introducing planned missing data impacts the
relative efficiency of parameter estimates in different models.

In the present study, we thoroughly investigate the asymptotic relative efficiency ratios of
parameter estimates when data are collected via a PM design and compare them to the corre-
sponding relative efficiency ratios under RN and INT designs, controlling for the total number of
available observations. We employ a novel methodology of examining the exact asymptotic rela-
tive efficiency values obtained mathematically, rather than generating simulation data from finite
sample sizes. This method allows us to remove the impact of sampling error from the comparison
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of the designs. We examine all types of parameters within a variety of models, including saturated
models, manifest variable regression models, and latent variable models. We vary the between-set
and within-set correlations across their full permissible range. We also vary the proportion of
complete data cases from 0 (PM) to 1 (RN), studying the full range of intermediate (INT) designs.
Thus, we examine the impact of all three factors on efficiency simultaneously.

2. Method

Four studies were conducted, each evaluating several different models. Studies 1 and 2 exam-
ined the standard saturated model (i.e., a model with freely estimated means and covariances,
Raykov, Marcoulides, & Patelis, 2013) and two 2-predictor regression models. Study 3 examined
latent variable versions of two of the models in Studies 1 and 2, where each latent variable had
three or four indicators (one from each item set). Study 4 compared two methods for assigning
factor indicators to item sets in a 2-predictor latent regression model. Studies 1 and 4 used a
3-form PM design with no X set, Study 2 used a 3-form PM design with an X set, and Study 3
used a 3-form PM design with and without an X set.

For each model, two main variables were varied: (1) correlation strength (from .01 to .99 by
.01 increments)—correlations among variables within and between sets were varied independently
in Studies 1 and 2, whereas in Studies 3 and 4, the size of correlations among latent factors were
varied while factor loadings were held constant; and (2) the proportion of complete cases included
in the design, from O (PM) to 1 (RN), by .01 increments. Fully crossing these factors resulted in
980,100 conditions per model in Studies 1 and 2, and 9,900 conditions per model in Studies 3 and
4. The full results thus cannot be displayed in this paper or reasonably included in supplementary
materials. We present a representative sample of data and summaries across selected conditions;
results from other conditions are available from the authors on request.

All computations were done with the theoretical information matrices associated with the
normal theory full information maximum likelihood estimator, evaluated at the true parameter
values and assuming MCAR data. The advantage of our asymptotic approach is that it does not
require generating or analyzing raw data; it also produces stable results that remove the influence
of sample size on relative efficiency estimates. Technical details are given next. Several conditions
were verified using simulated data with N = 500, and the results were highly similar.

2.1. Asymptotic Adjusted Relative Efficiency Computations

To compute asymptotic relative efficiency (RE) and adjusted relative efficiency (ARE) ratios
comparing PM, RN, and INT designs to CD designs, asymptotic standard errors for both complete
and incomplete data are needed. We assume that the data are multivariate normal with mean p and
covariance matrix X, and that full information maximum likelihood was used to obtain parameter
estimates (Arbuckle, 1996). Asymptotic SEs can be obtained from the diagonal of the inverse
of the corresponding complete and incomplete data information matrices. These information
matrices are greatly simplified under the MCAR assumption, which is met in these designs. All
computations were done in R (R Statistical Core Team, 2011).

2.1.1. Complete Data Computations Let p be the number of variables and let p* = Sp(p+
1). For the standard saturated model that freely estimates all variances, covariances, and means
(Models 1 and 4 in the present study), the (p* + p) x (p* + p) complete data information matrix
is given by

SD, (=7t D 0
— p p
H= ( 0 2—1)’
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where D, is the duplication matrix of Magnus and Neudecker (1999), and the partitioning cor-
responds to covariance structure parameters and mean structure parameters, which are asymp-
totically independent (e.g., Bentler, 2007; Savalei, 2010). The asymptotic covariance matrix of
parameter estimates is then given by £2 = H ™!, and the asymptotic standard errors for com-
plete data are obtained from the diagonals of £2. It will become important for the interpretation
of some of the results to consider the p* x p* submatrix of Q corresponding to the covari-
ances: £21] = 2D1;,|r (E®X) D;‘;/ . The typical diagonal element of this matrix, corresponding
to the asymptotic variance of an estimate of oy, (t = 1,...,p; k = 1,..., p), is given by
{211} th.tk = 010Kk + crtzk. When X is set to have unit variances, as in this study, this expression
simplifies to {211}k = 1+ rtzk.

For a just-identified model that is parameterized differently (Models 2, 3, and 5), let 6 be
the ¢ x 1 vector of model parameters and let 8(6) be the model. Define the (p* + p) x ¢
matrix of model derivatives A = %. The information matrix for the model is then given
by Hy = A’HA, and the asymptotic covariance matrix of parameter estimates is obtained by
Qy = Hnjll = (A'HA)™! = ATH7'A’7!, where the last step is possible because A is
invertible as the model is saturated (i.e., ¢ = p* + p). Algebraic expressions for A for each of
the models were used. We checked our derivations of these expressions against the results of a
large-sample simulation. Variants of these expressions are also available in many other sources
(e.g., Bentler & Lee, 1978; Nel, 1980; Mooijaart & Bentler, 1991).

For structured models, where ¢ < p* (Models 6, 6X, 7, 7X, 8a, and 8b), the matrix A
is defined as above but is no longer square, and thus no further simplification is possible for
the expression 2y = H Ajll = (A’HA)™'. All studied models of this type have a saturated
mean structure, and thus $2)s is block-diagonal. Computations were done using the reduced-
size information and derivatives matrices, involving only covariance structure parameters. We
obtained an algebraic expression for the matrix of model derivatives for Model 6/6X, for two
types of identification (factor variances fixed to 1 and first factor loadings fixed to the population
value of .7). The derivative matrices for Models 7/7X were obtained by combining the derivatives
for Model 6/6X (using identification via fixing loadings to .7) and Model 3 via the chain rule, and
those for Models 8a/8b were done analogously.

2.1.2. Incomplete Data Computations Letj =1, ..., J indicate the missing data patterns,
pj be the number of variables observed in pattern j, and g; be the probability of pattern j. In
3-form PM designs, J = 3 and g; = 1/3 for all j. In INT designs, / =4 and g; = (1 —¢q1)/3
for j = 2,3, 4, where g is the probability of the complete data pattern.

For the standard saturated model (Models 1 and 4), the (p* 4+ p) x (p* + p) incomplete data
information matrix assuming MCAR data is given by

J
—1 —1
.SD;7 qu(r}Ej ‘Ej@‘f}zj ‘L'j)Dp 0
j=1
Hipe = 7 s
0 > qu]/. Ej_lrj
Jj=1

where ¥; is a p; x p; submatrix of ¥ with rows/columns corresponding to those variables
missing for the jth pattern removed, and 7; is a 0-1 matrix of dimension p; x p, which can
be obtained by removing, from the p X p identity matrix, those rows corresponding to missing
variables for pattern j (Yuan & Bentler, 2000; Savalei, 2010). The asymptotic covariance matrix
of parameter estimates is then given by i, = Higcl, as before, but this inverse no longer has a
simple form. The expression for the asymptotic covariance matrix of any other model is given

by 2pinc = (A’ Hiﬁc)_l, where A is the derivatives matrix for the model, defined exactly as
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before. As MCAR data ensures the asymptotic independence of mean parameters and covariance
structure parameters, computations for Models 6/6X, 7/7X, and 8a/8b were again done using the
covariance structure components of the relevant matrices only.

2.1.3. Adjusted Relative Efficiency Computations  For the ith parameter 6;, the asymptotic
relative efficiency of an incomplete data design relative to the complete data (CD) design with
the same N is defined as RE; = %, the ratio of the complete data asymptotic variance to
the incomplete data asymptotic variance for that parameter.

If comparing across types of designs were not of interest, then the asymptotic relative effi-
ciency for INT designs would be defined in the same way as above. However, of primary interest
in this study was the comparison across types of designs (e.g., INT vs. PM), while controlling for
the total number of observations in any finite sample N. For this reason, adjusted (for total num-
ber of observations) asymptotic relative efficiency of INT designs was computed. The adjustment
constant c is derived below. For a PM design with sample size N, this adjustment gives the new
sample size N* = ¢N that the corresponding INT design should use to keep constant the total
number of data points in the data matrix.

In a 3-form PM design with a finite N that is divisible by 3, the total number of observations
is T = Npy, where p; is the length of any missing data pattern (patterns have the same length
by design). In Study 1, p = 6, pj = 4and thus T = 4N.In Study 2, p = 8, p; = 6, and
T = 6N. In Study 3, Models 6 and 7, p = 18, py = 12, and T = 12N; for Models 6X and
7X,p =24, py =18,and T = 18N. In study 4, Models 8a and 8b, p =9, p; = 6, and thus
T = 6N. Now consider an INT design with the sample size N*, which includes a complete data
pattern that has probability ¢;. The total number of observationsis 7* = N*q p+N*(1—q1)py-.
In Study 1, T* = 2q1 + 4)N*. In Study 2, T* = (2¢q; + 6)N*. In Study 3, Models 6 and 7,

= (6g1 + 12)N*, and for Models 7X and 8X, T* = (6g; + 18) N*. In Study 4, Models 8 and
8b T* = (3q1 +6)N*. Thus, to ensure T = T*, the adjustment constant is set to ¢ = —+ for all
models in Study 1 and for Models 6 and 7 in Study 3, and all models in Study 4. The adjustment
constant is set to ¢ = ql_+ for all models in Study 2 and for Models 6X and 7X in Study 3. In
any finite sample size, the efficiency of parameter estimates under the PM and an INT design,
while controlling for the total number of observations can be compared by setting N* = ¢N. In
asymptotic computations employed in this article, the adjusted relative efficiency for INT designs
is computed as
ARE; = cm, (1
{$£2M inc}ii
which adjusts the relative efficiency downward. Setting g; = 1 results in an RN design, which,
for example, produces ARE; = 2/3 for all parameters in Study 1. That is, when the sample size
is two-thirds of the original sample size, estimates are two-thirds as efficient (see Figure 2). In the
PM design, g; = 0 and ¢ = 1, so the constant drops out and ARE = RE. The ARE value for the
RN design will be used as a benchmark for comparing PM and INT designs. We are interested in
knowing whether the introduction of planned missing data, via PM or INT designs, ever results
in increased efficiency compared to a complete data design with reduced number of observations,
i.e., an RN design.

2.1.4. Power Unlike ARE, power to detect that a parameter is different from zero is
affected by sample size. However, ARE can be used to determine power to test the hypoth-
esis: Hy : 6; > 0 based on the Wald test for any parameter in a PM, INT, or RN design
given the corresponding power for the CD design ncp and 1-tailed alpha level, o : mine =
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PM(q; =0) INT (g, =.5) RN (q;=1)
A1A2B1B2C1C2 A1A2B1B2C1C2 A1A2B1B2C1C2

FIGURE 2.
Designs. CD complete data, PM planned missing, INT intermediate, RN reduced N. Variable sets are designated by letter
(e.g., Al and A2 are two variables in missing data set A, etc.). Dark gray represents missing data. PM designs have
0 % complete cases (all participants have 1/3 missing data). INT designs have between 1 and 99 % complete cases (i.e.,
q1 = .01 to .99; the design shown has g1 = .5) with the sample size reduced to keep the total number of observed data
points constant. RN designs have 100 % complete cases, and a sample size reduced by 1/3.

1—F (F—l(l — ) — V/ARE ((F71(1 — ) + (F~'(1 - nCD)))), where F(x) is the cumula-

tive distribution function of the normal distribution, and F~1(x) is its inverse. The derivation is
given in Appendix A.

That is, power for any PM, INT, or RN design is a function of the CD design power, alpha
level, and ARE. Figure 1 plots this function for values of mcp ranging from .05 to .95, given
1-tailed @ = .025. Figure 1 can thus be used to translate any value of ARE into power based on
an estimate of power in the CD design, which will, of course, be based on a discrete sample size.

3. Study 1

Study 1 examined the performance of a 3-form PM design with 6 variables, with two variables
assigned to each set (A, B, and C; see Figure 3). While methodologists typically recommend
including an X set in PM designs, the X set was omitted from this study to establish a baseline
performance of all parameter estimates and also to explicitly evaluate the impact of the X set
(added in Study 2) on efficiency.

All studied populations had zero means and unit variances on all variables. Thus, the off-
diagonal elements of ¥ could be considered covariances or correlations. We refer to them as
correlations for the remainder of the paper when they are discussed as population parameters. The
estimated models, however, were all covariance structure models, and we refer to the estimated
parameters as estimated covariances. The population correlations were divided into two types:
those between two variables in the same set (within-set correlations) and those between two vari-
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FIGURE 3.
Study 1, Models 1-3. Variable sets in the planned missing design are designated by background and letter (e.g., Al and
A2 are the two variables in missing data set A, etc.). Black paths are “within-set” correlations and regressions; gray paths
are “between-set.” Variances of all variables are set to 1, and means are set to 0. All models are fit to data where the
within-set correlations vary independently of the between-set correlations (both sets of correlations vary from O to 1).

ables in different sets (between-set correlations). Both types of correlations were independently
varied from .01 up to .99 or to the highest value that ensured ¥ remained nonnegative definite.’

Figure 3 displays the models studied. The results are summarized separately by type of para-
meter. Within each parameter type, we distinguish between within-set parameters (e.g., regression
paths connecting two variables in the same set; black lines in Figure 3) and between-set parameters
(e.g., regression paths connecting two variables in different sets; gray lines in Figure 3). In Model
3, we further distinguish between-set regression coefficients where the DV shares a set with one
of the predictors (e.g., B2 on A1) from those where it does not (e.g., C1 on Al).

3.1. Results

Model 1. Model 1 includes four types of parameters: means, variances, within-set covari-
ances, and between-set covariances. Selected results are presented in Figure 4. The top panel of
Figure 4 displays the ARE (see Eq. 1) of parameter estimates when all variable correlations are
equal, at p = .2 (left), p = .5 (middle), and p = .8 (right). On the x-axis is g, the probability
of the complete data pattern, ranging from ¢q; = 0 (PM design) to g; = 1 (RN design), with
intermediate values corresponding to INT designs. In any finite sample, g; is the proportion of
complete data cases in a sample of size N* = ql%N , because adjusted efficiency ratios are
being plotted. The sample size at which efficiency is compared thus varies, correspondingly, from
N* = N (PM design) to N* = %N (RN design), with intermediate sample sizes corresponding
to INT designs. The gray horizontal line at 2/3 represents the ARE of all parameter estimates
in the RN design. Curves that begin (on the left) higher than 2/3 indicate that the corresponding
parameter estimate is more efficiently estimated by the PM design than the RN design.

Figure 4 illustrates that means, variances, and within-set covariances are more efficiently
estimated in PM and INT designs than RN designs, controlling for the total number of observations.
This advantage is minimal at p = .2 but increases as correlation size increases. Thus, having
planned missing data is beneficial for these types of parameters. On the other hand, between-set
covariances are estimated poorly with PM designs when the correlations among variables are low
to moderate. At the lowest depicted correlation value (p = .2), between-set covariances have
ARE = 1/3 under a PM design. In other words, when correlations are low, ARE values simply
reflect the amount of data available for each estimate. As the correlations among variables increase,

! For between-set correlation values of .5 or lower, all within-set correlation values (between .01 and .99) were
possible. Above .5, each .01 increment in between-set correlation value corresponded to a .02 increment in the minimum
within-set correlation value (i.e., when the between-set correlation was .51, and the minimum within-set correlation was
.02; when the between-set correlation was .99, the minimum within-set correlation was .98).
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the ARE of between-set covariances under the PM design increases, presumably because more
information from other variables becomes available. When correlations are very high (p = .8),
even the between-set covariances are much more efficiently estimated under the PM design, with
ARE values in the .8 range, compared to 2/3 for the RN design.

Additionally, when correlations are moderate (p = .5), adding a small proportion of complete
cases (20-30 %) substantially improves the ARE of between-set covariance estimates so that it
gets closer to 2/3 (Figure 4b). When variable correlations are moderate (specifically, between
.49 and .77; not shown), REs of between-set covariances are actually at their highest when some
proportion of cases have complete data (i.e., the yellow curves are no longer monotone). Including
some proportion of complete cases in the PM design may thus maximize efficiency for the between-
set covariance parameters for moderate size correlations; in the case of low correlations, the most
efficient design for the between-set covariance parameters appears to be the RN design.

Figure 4d plots some of the same data differently: it shows ARE of parameters in the PM
design (g1 = 0) as a function of correlation strength: along the X-axis, between- and within-set
correlations are varied jointly from .01 to .99. This figure illustrates that the ARE of between-set
covariances increases dramatically with correlation size, particularly for higher correlations. They
become more efficiently estimated under the PM design than the RN design (the curve crosses the
2/3 line) when their true value is around .6. Other parameters are also more efficiently estimated
with higher correlations but are always more efficiently estimated under a PM design than an RN
design (their curves are always above 2/3). To further understand the effect of correlation size on
ARE, Figure 4e, f shows the ARE plots when either between- or within-set correlation value is
held at .5, while the other value is varied within its allowed range.

These two types of correlations affect ARE in opposite directions, although not to the same
extent. As within-set correlations increase independently of between-set correlations, the ARE of
all parameter estimates in PM designs decreases slowly (Figure 4e). In contrast, as between-set
correlations increase independently of within-set correlations, the ARE of all parameter estimates
in PM designs increases, and quite rapidly. The general pattern of relationships observed in
Figure 4e, f holds when the correlation type held constant is fixed to values other than .5.

The finding that high between-set correlations helps efficiency makes intuitive sense: the
higher these correlations, the more redundant each variable set is. At one extreme, if between-set
correlations were 1, each set would provide no new information, and no information would be
lost if one set was missing. At the other extreme, if between-set correlations were 0, each set’s
information is perfectly unique, so missing a set means missing all of the information contained
within it—it is, therefore, not surprising that when correlations among variables are 0, ARE for
many parameters simply reflects the amount of missing data on that parameter (e.g., between-set
covariances have ARE = 1/3, and within-set covariances have ARE = 2/3).

The finding that ARE of covariances is lower when within-set correlations are high may
be understood by similar logic. As within-set correlations increase independently of between-
set correlations, the amount of information shared across sets decreases. For example, holding
between-set correlations constant at .5, when within-set correlations are 0, each variable in set A
uniquely predicts 25 % of the variance in each variable in set B, such that 50 % of variable B1’s
variance can be predicted by the two variables in set A. But when within-set correlations are 1,
each variable in a set predicts the same 25 % of variance in each variables in another set, such
that just 25 % of item B1’s variance can be predicted by the two variables in set A.

To gain insight into these results, it helps examine the two components of the relative effi-
ciency computation separately (see Eq. 1, ignoring the c constant, which is 1 for PM designs). For
the saturated model, the complete data asymptotic variances of mean and variance estimates are
invariant to the strength of between- and within-set correlations, and the complete data asymp-
totic variances of covariance estimates increase as the parameter value increases. In contrast, the
incomplete data asymptotic variances are functions of other parameters in the model. Examining
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FIGURE 5.
Adjusted relative efficiency (ARE) of parameter estimates in Model 2. The Y axis displays ARE, which is the ratio of
asymptotic variances of parameter estimates relative to the complete data design adjusted for the total number of data
points (see Eq. 1). pp is the value of all correlations among items between item sets, and pyy is the value of all correlations
among items within the same item set. a—c¢ The proportion of the sample which provides complete data (i.e., g1) is varied
along the X axis. d pg and py are varied concurrently along the X axis. Each line shows the RE of a single parameter
and is the same for all parameters of the same type.

the behavior of the incomplete data variances reveals that as the within-set correlations increase,
incomplete data variances of all parameters increase, lowering efficiency. In contrast, as between-
set correlations increase, incomplete data variances of all parameter estimates decrease, improving
efficiency.

Model 2 Figure 5 displays the adjusted relative efficiencies for regression coefficients, inter-
cepts, residual variances, and within- and between-set residual correlations for Model 2. As shown
in Figure 3, Model 2 is a regression model with two predictors (belonging to the same set) and four
dependent variables (from two additional sets), and thus all regression coefficients are between
sets. Means and variances of the predictor variables as well as the covariance between them have
the same AREs as in Model 1; these results are not displayed.
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Figure 5 illustrates that both regression coefficients and intercepts are less efficiently estimated
under PM and INT designs than under an RN design. Regression coefficients (arguably the most
important parameters in a regression model) have around .35 ARE in the PM design across
all values of the correlations (the starting point of the purple curves in Figure 5a—c, the entire
purple curve in Figure 5d). This means that to estimate between-set regression coefficients with
comparable power to the complete data design with full N, a PM design could require almost
three times as many participants. This dismal ARE can be raised to almost .50 by adding 30 %
complete cases (Figure Sa—c), but adding this many or more complete cases would almost certainly
defeat the practical purposes of using a PM design. ARE of the intercept estimates is much higher,
hovering around .55 to .65 for the PM design, which is fairly close to the RN design (the starting
point of the green curves in Figure 5a—c, the entire green curve in Figure 5d). The curves for
the residual variances and covariances are omitted because they are generally not of interest in
regression models, but we note briefly that between-set residual covariance estimates have the
lowest REs, falling at around .30 or lower in the PM design, while residual variances and within-set
residual covariances range from about .40 to .60 in the PM design. These results suggest that PM
and INT designs do not fare well when the model of interest is a regression model, and regression
coefficients are between-set, unless other practical factors such as participant fatigue strongly
outweigh efficiency loss. If so, larger sample sizes than originally planned would be recommended.

Figure 5d illustrates that for PM designs, the ARE of intercepts (and also residual variances
and covariances, not shown) decreases as correlations increase, while that of regression coef-
ficients stays roughly stable. This trend is opposite of that observed for parameters in Model
1 (Figure 4d). The regression coefficients in multiple regressions are complex functions of the
various parameters of the saturated model (Model 1), namely of the variances and covariances
of exogenous variables as well as of the covariances between the exogenous variables and the
dependent variable. Examining the numerator and denominator of the efficiency ratio separately
(not shown) reveals that in the case of regression coefficients and intercepts, both the complete
and the incomplete asymptotic variances decrease with the size of correlations. In the case of
intercepts, incomplete data variances decrease more rapidly than complete data variances as the
correlations increase, because they start at a higher value. In the case of regression coefficients,
incomplete data variances decrease quickly initially and then slow down, whereas complete data
variances decrease at a more steady pace, creating an ARE function that increases slightly then
decreases again.

Figure 5 does not display the unique effects of varying between- and within-set correlations
separately, because we find that these have a much smaller effect on the AREs of regression
parameters than the corresponding effects on the parameters of the saturated model (Figure 4e, f).

Model 3 Figure 6 presents the results for Model 3, which is a 2-predictor regression model
but the two predictors belong to different sets (see Figure 3). This model allows us to examine
the ARE of within-set regression coefficients (e.g., the regression of variable A2 on variable A1).
Additionally, between-set regression coefficients can be grouped into two types: those where the
dependent variable shares a set with the other predictor (e.g., B2 on Al), and those where the
DV does not share a set with either predictor (e.g., C2 on Al). The behavior of intercepts is very
similar to their behavior in Model 2 (as shown in Figure 5); these results are, therefore, not shown.

As Figure 6 illustrates, PM and INT designs again do not fare well relative to the RN design
when it comes to the efficiency of all three types of regression coefficients. However, within-set
regression coefficients have much higher ARE than between-set regression coefficients, around
.50 or higher in most cases, although it drops sharply with higher correlations. For instance, for PM
designs, this dropis from .61 to .43 as correlations increase from .2 to .8 (Figure 6d). Examining the
behavior of the components of the efficiency ratio separately reveals that as correlation strength
rises, complete data estimates of within-set regression coefficients become more efficient, and
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FIGURE 6.

Adjusted relative efficiency (ARE) of parameter estimates in Model 3. The Y axis displays ARE, which is the ratio of
asymptotic variances of parameter estimates relative to the complete data design adjusted for the total number of data
points (see Eq. 1). pp is the value of all correlations among items between item sets, and pyy is the value of all correlations
among items within the same item set. a—c the proportion of the sample which provides complete data (i.e., ¢1) is varied
along the X axis. d pg and pyw are varied concurrently along the X axis. Each line shows the RE of a single parameter
and is the same for all parameters of the same type.

simultaneously incomplete data estimates become less efficient. That is, the additional uncertainty
in estimation that is due to missing data increases with increasing correlations.

The two types of between-set regression coefficients have very similar patterns of ARE to
those observed for Model 2 (Figure 5), and are ordered relative to each other as one would expect:
when the DV shares a set with one of the predictors (yellow curves), ARE is higher than when
the DV shares a set with neither predictors (red curves). That is, the more the data overlap there
is among the variables involved the regression (the more they come from the same set), the
higher the efficiency. Examining the behavior of the numerator and denominator of the efficiency
ratio separately reveals that both types of between-set regression coefficients decrease in absolute
efficiency as correlations increase; when the DV shares a set with the other predictor (e.g., B2
on Al), this decrease is more rapid, which translates to increasing ARE. As with Model 2, the
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PM (g, =0) INT (g, =.5) RN (g9, =1)
X1X2A1A2B1B2 C1C2

X1X2A1A2B1B2C1C2 X1X2A1A2B1B2C1C2

FIGURE 7.
Study 2 designs. PM planned missing, INT intermediate, RN reduced N. Variable sets are designated by letter (e.g., Al
and A2 are two variables in missing data set A, etc.). Dark gray represents missing data. PM designs have 0 % complete
cases (all participants have 1/4 missing data). INT designs have between 1 and 99 % complete cases (i.e., g1 = .01 t0 .99;
the design shown has g1 = .5) with the sample size reduced to keep the total number of observed data points constant.
RN designs have 100 % complete cases, and a sample size reduced by 1/4.

independent effects of within- and between-set correlations on ARE are not shown as they are
quite small.

The results from Models 2 and 3 suggest that the efficiency of regression coefficients, partic-
ularly between-set regression coefficients, suffers badly under the PM design, and is not rescued
much by the INT designs unless the number of complete data cases is so high as to not be practical.
However, when other reasons to use PM designs are compelling, the most efficient PM design is
to place predictors and dependent variables in the same set.

4. Study 2

In Study 2, we examined the performance of a 3-form PM design and corresponding INT
and RN designs when an X set is present in addition to the three missing data sets (see Figure 7).
Graham et al. (2006) argued that “the X set provides a kind of hedge against the possibility that
a hypothesis critical to the research is actually tested with lower power than expected. Although
situations may arise for which the X set may be safely excluded, ...including the X set is almost
always a good idea.” (p. 326). Study 2 examines the extent to which ARE is improved by the
inclusion of an X set. Model 4 was created by adapting Model 1 from Study 1; it is a saturated
model that contains an X set with two fully observed variables (see Figure 8). Models 5a and 5b
were created by adapting the regression Model 2 from Study 1: an X set with two fully observed
variables was either the new set of independent variables, with the original six variables becoming
dependent variables (Model 5a), or it was added to the set of dependent variables (Model 5b).
These models allow us to investigate ARE when complete data are collected on key predictors or
key dependent variables, as is frequently recommended (e.g., Graham et al., 2006). Population
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Model 4 Model 5a Model 5b

FIGURE 8.
Study 2, Models 4-5. Variable sets in the planned missing design are designated by background and letter. Black paths
are “within-set” correlations and regressions; gray paths are “between-set”.

means and covariance matrices were identical to those used in Study 1, but extended in dimensions
to include an additional set. As in Study 1, we considered all possible pairs of positive within-
and between-set correlations that resulted in a positive definite covariance matrix. Note that with
the X set added to the model, the ARE of the RN design increases from 2/3 to 3/4 (see Sect. 2.1).

4.1. Results

Model 4 Figure 9 displays the ARE ratios for all types of parameter estimates in the saturated
model. Means, variances, and covariances corresponding to the fully observed X-set variables
are fully efficient (because adjusted ratios are plotted, the efficiency ratios for these parameter
estimates begin at 1 and end at 3/4 as g increases from 0 to 1). As this figure shows, adding
an X set to Model 1 does not greatly affect the efficiency of PM model parameter estimates
involving only variables in sets A—C. Variances, means, and covariances among variables in these
sets (including both within-set and between-set covariances) have about 1 % greater ARE than
they did in Study 1 across all conditions (see Figure 4). This miniscule increase in ARE actually
translates into poorer performance relative to the RN design, which is now 75 % efficient relative
to the complete data (CD) design with full N. In Study 1, within-set covariances in the PM design
had ARE ratios that were at least as high as the ARE of the corresponding RN design (red curves
in Figure 4); in Study 2, within-set covariances do not become more efficient under the PM design
until the correlations among the variables reach .55 (red curves in Figure 9).

Covariances between an X variable and an ABC variable are estimated more efficiently than
covariances among variables within an ABC set (dotted yellow lines in Figure 9). This efficiency
gain is greatest when variable correlations are moderate to high (0 = .4 to .8), when these
X-to-ABC covariances are up to 10 % more efficient than within-ABC-set covariance estimates.
The X-to-ABC covariances are estimated more efficiently with the PM design than with the RN
design once the correlations among all variables reach .35.

This finding can be understood by considering the data that are present on the X-set variable
but not the ABC-set variable. In a within-ABC-set covariance (e.g., cov(A1, A2)), both variables
are missing the same 1/3 of cases, and the missing information cannot be “borrowed” from the
other variable in the pair because it is also missing there. In contrast, in an X-to-ABC-set covariance
(e.g., cov(X1, A1)), one variable in the pair is complete. When the correlation between variables
is low, the extra information on X does not overlap with the missing information on A, so
this information is not relevant to the estimation of the covariance. As the correlation strength
increases, however, the information that is missing on A; becomes increasingly redundant with
the corresponding information on X1, so the fraction of missing information decreases and the
covariance is estimated with higher precision.
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FIGURE 10.

Adjusted relative efficiency (ARE) of parameter estimates in Study 2, Models 5a and 5b. The Y axis displays ARE. pp is
the value of all correlations among items between item sets, and pyy is the value of all correlations among items within
the same item set. a—c the proportion of the sample which provides complete data (i.e., g1) is varied along the X axis. d
g1 = 0 and pg and pw are varied concurrently along the X axis.

Models 5a and 5b Model 5a modified Model 2 by replacing the predictors with X variables;
Model 5b added a pair of X variables to the set of dependent variables in Model 2. Figure 10
shows ARE of the four new parameters in Models 5a and 5b: regression coefficients of A—C on
X (Model 5a), regression coefficients of X on A (Model 5b), intercepts of A—C variables (Model
5a), and intercepts of the X variables (Model 5b). Regression coefficients and intercepts in Model
S5a had identical ARE in all conditions, so their results are plotted in one line (i.e., the orange line
in Figure 10)2. The ARE of regression coefficients and intercepts involving only the variables in
the A—C sets in Model 5b did not benefit from the inclusion of the X set and were very similar to
the values obtained for Model 2; these results are not plotted.

2 The finding that ARE of regression coefficients and intercepts falls in line with previous evidence that when
exogenous variables have complete data, information loss may be characterized more simply. Savalei and Rhemtulla
(2011) reported that when a single complete variable predicts a single dependent variable with 20 % missing data,
both regression coefficients and intercepts have 20 % missing information, regardless of the correlation between the two
variables. In Model 5A, we do see that ARE depends on correlation strength, but the effect is the same for both parameters.
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Comparing Figures 10 and 5 reveals the sharp efficiency gain that results when either the
dependent variables or the predictor variables are in the X set (i.e., have complete data). Regression
coefficients display increases in ARE of greater than 30 %, and they are only slightly less efficiently
estimated in the PM design than the RN design, hovering around 70 % ARE. Intercepts of the
X-set variables (Model 5b) are now always more efficiently estimated in the PM design than
the RN design. Intercepts of ABC variables when the predictors are in the X set (Model 5a) are
less efficient in the PM design than the RN design, as they were in Model 2, but these intercepts
increase in ARE as correlations increase, instead of decreasing as they did in Model 2.

Taken together, the results of Study 2 suggest that including an X set in a PM design can
greatly improve the ARE of parameter estimates that involve the X variables, but does not have
much effect on those estimates that do not directly involve the X variables. In addition, regression
coefficient estimates that include X variables as either dependent variables or predictor variables,
though still slightly less efficient in PM than RN designs, have high enough ARE that using a PM
design should not seriously compromise the power to test hypotheses about these coefficients.

5. Study 3

A strong impetus for using PM designs comes from surveys that are so long that participants
are overburdened: for example, when many constructs are assessed and each is measured by a
long scale. In this case, the model of interest is often a confirmatory factor analysis (CFA) model,
where each scale is assumed to measure a single underlying construct, and the constructs are
allowed to be correlated, or a latent regression model, where some latent constructs are posited to
cause other latent constructs. In Study 3, we examined the asymptotic ARE of parameter estimates
within CFA models and latent regression models. Efficiency was studied for both measurement
model parameters (e.g., factor loadings) and structural model parameters (e.g., factor covariances
and latent regression coefficients).

Study 3 considered four models, as shown in Figure 11. Models 6 and 6X were CFA models,
whereas Models 7 and 7X were latent regression models. Models 6 and 7 had 18 observed variables
and 6 latent constructs; one indicator of each construct was included in each of sets A—C. Models
6X and 7X additionally included an X set, for a total of 24 observed variables. The X-set variables
were distributed so that each factor had an additional indicator. All factor loadings were .7, and
residual variances were .51. Variances of the latent variables were 1. All 15 correlation values
among the 6 latent variables were equal to each other and were varied from .01 to .99 in increments
of .01.

For Models 6 and 6X, two different identification methods were used, and their differences
were studied. Latent factors were identified by either fixing the first loading on each factor to
.7 (its true value; for models with an X set, the marker variable was the one in the X set) or by
fixing factor variances to 1. For Models 7 and 7X, only the first identification method was used,
because of the presence of latent dependent variables, whose variance is a function of other model
parameters and cannot be fixed directly.

5.1. Results

Model 6 The top panel of Figure 12 shows the ARE ratios for the parameter estimates for both
types of model identification. Residual variances are not shown in the figure but their AREs are
very similar to those of factor loadings. Under either method of identification, loadings estimates
are less efficient under PM and INT designs as compared to the RN design. This is not surprising
given that each factor’s loadings are estimated primarily from covariances among its indicators,
especially when factor correlations are low to moderate, but indicators of each factor come from
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Model 6 Model 7

FIGURE 11.
Study 3 Models. Each latent factor has an indicator from each missing data item set. Models 6X and 7X include the X set.

different sets. Such between-set covariances are estimated with very low ARE (see Figure 4).
Figure 12d shows that when factor correlations are zero, the ARE of factor loadings drops below
.30 under a PM design. As factor correlations increase, factor loading ARE increases substantially,
although the RN design is still more efficient. This rapid increase can be explained by the fact
that indicators of different factors become available to estimate the loadings associated with each
factor, and those indicators share sets with each factor’s own indicators. Finally, loadings under
the two methods of identification display similar patterns (blue and purple curves in Figure 12d),
but identifying the factor by fixing the variance to 1 produces loadings estimates with higher ARE;
this difference is around 10 % for PM designs.

Even though factor variances are rarely of interest, we note that under the marker variable
method of identification (when these parameters are estimable), the ARE of factor variances
is identical to that of loadings under the fixed-variance method of identification, and thus the
discussion above applies to factor variances as well. Unlike factor loadings, factor covariances
are always more efficient in the PM and INT designs than the RN design (Figure 12a—c, yellow
curves). ARE of factor covariances follow a curvilinear pattern (Figure 12d), such that for a
PM design factor, covariance estimates are most efficient when factor correlations are very low
or very high, while the other two types of parameters have the highest efficiency when factor
correlations are high. Factor correlations behave quite similarly to factor covariances when the
factor correlations are low to moderate (Figure 12a—b, red curves), but are less efficiently estimated
when the factor correlations are high (Figure 12c). Examining this pattern more continuously
for PM designs (Figure 12d) reveals that factor correlation estimates are much more dependent
on population values of factor correlations than are factor covariance estimates: when factors
are nearly uncorrelated, factor correlations are estimated with almost .80 ARE, but as factor
correlations increase above about .5, ARE decreases rapidly.
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Model 6X . The bottom panel of Figure 12 shows ARE ratios for Model 6X. It is clear that
including an additional X-set indicator per factor substantially improves efficiency of PM design
estimates>. In particular, factor variances and covariances have ARE around .90 under the PM
design, much higher than the RN design (which is now 3/4). The ARE of X-set factor loadings
under the fixed-factor-variance method of identification is identical to that of factor variances under
the marker variable method of identification (the blue lines in the bottom panel of Figure 12), and
thus also have very high efficiency. ARE of factor correlations under the fixed-factor-variance
method of identification is consistently about .10 higher than in Model 6. Factor loadings continue
to be less efficient under a PM design than the RN design, but their ARE is between .15 and .30
higher than in Model 6, and never drops below .60. Identification method appears to matter very
little for the ABC-set loadings (i.e., the turquoise and purple lines in the lower panel of Figure 12
are very similar). Together, these results suggest that it is possible to achieve highly efficient latent
variable model estimates under a PM design when an X set is included, and these indicators are
distributed across all factors.

Model 7 Model 7 reparameterizes the structural part of Model 6 from the saturated model to a
latent regression model. The new parameters are latent regression coefficients, variances of latent
disturbances, and covariances among latent disturbances. The top panel of Figure 13 shows ARE
ratios for these parameters. Latent regression coefficients, which are arguably the most important
structural parameters, are estimated more efficiently in the PM design than in the RN design when
factor correlations are lower than .5, but ARE drops to around .55 under the PM design when
factor correlations are very high (.8). Covariances among disturbances follow the same pattern as
latent regression coefficients. In contrast, disturbance variances do not do well under PM designs,
and their ARE ranges from just under .40 to around .55.

Model 7X The bottom panel of Figure 13 shows ARE ratios for Model 7X. As in Model
6X, adding an X-set indicator to each latent factor substantially improves efficiency. ARE of all
three parameter types is now higher under the PM design than the RN design as long as factor
correlations are below .75. When factor correlations are lower than .5, ARE of all three parameter
types is around .85. These findings reinforce the suggestion that PM designs including an X set
can be cost-effective, per observation, if the model of interest is a latent variable model, and the
parameters of interest are structural parameters.

6. Study 4

In Study 3’s PM design, indicators of each latent factor were split across sets. An alternative
PM design strategy for latent variable models would be to assign all indicators of a factor to
the same set. Recommendations in the literature on this topic are mixed: Graham et al. (1996)
recommended splitting items across sets on the basis of efficiency differences in variance and
covariance estimates resulting from the two strategies. Reversing this recommendation, however,
Graham et al. (2006) noted that splitting items across sets is impractical because researchers
cannot use available case analysis (i.e., pairwise deletion) on the resulting scale data (i.e., scale

3 The addition of an X-set indicator to each factor also changes the model simply by introducing a fourth indicator to
each factor. To investigate whether the observed benefits of the X set are due to having four indicators rather than 3, we
also ran a version of Model 6 that used a 4-form design (sets A—D) where 25 % of the sample was missing each item set.
Compared to this PM model, the PM model 6X had factor loadings with .05 higher RE, factor variances with .20 higher
RE, and factor covariances that had between .02 and .15 higher RE (increasing with increasing factor correlations). Thus,
though the 4-form PM design performed better than the 3-form PM design with no X set, the 3-form design with X set
outperformed both of these.
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Model 8a Model 8b

FIGURE 14.
Study 4 Models. In Model 8a, each latent factor has one indicator from each missing data item set. In Model 8b, each
latent factor has three indicators from the same missing data item set.

scores cannot be formed by summing across items when different items have different missingness
patterns). Thus, they recommended assigning all scale items to the same set, “even if it means
somewhat less efficient estimation” (p. 327). In latent variable estimation, the logistical hassle is
not an issue because FIML can be used to deal with missingness at the item-level (where scales are
long and fewer indicators are desired, items can be parceled to create a single indicator per set).

In Study 4, we explicitly contrast the two approaches to explore the extent to which efficiency
is affected by these strategies. If the primary goal of the research is to evaluate the factorial struc-
ture of an instrument (i.e., to evaluate the measurement model), then the “indicators within sets”
approach may be able to provide more information to evaluate the strength of the relationship
between each indicator and its factor. Study 4 compared the ARE of measurement model parame-
ters (factor loadings and residual variances) and structural model parameters (latent variances and
covariances, latent regression coefficients, and latent disturbances) under these two PM designs.

Models 8a and 8b (Figure 14) have two latent predictors and one latent dependent variable, and
each latent variable has three indicators. In Model 8a (“indicators across sets”), these indicators
come from each of the three sets. In Model 8b (“indicators within sets’), all three indicators of a
factor come from a single set. The X set was not used. For simplicity, INT designs were also not
studied.

6.1. Results

Model 8 Figure 15 shows ARE under the PM design for 5 parameter types. Residual variances
are not pictured, because their REs overlapped almost entirely with those of factor loadings.
Figure 15 makes clear that the two PM design strategies lead to dramatically different results.
Splitting indicators across sets leads to high ARE of factor covariances (across all levels of the
factor correlation) and latent regression coefficients (particularly when factor correlations are less
than .5). In contrast, keeping indicators together within sets leads to high ARE of factor loadings
and factor variances. Thus, the choice of indicator assignment strategy should depend strongly on
the research goals: if the goal is to study the measurement model, then keeping indicators together
within a set will allow for the most precise estimation of the measurement model parameters. If
the goal is to study relations between constructs, then splitting indicators across item sets will
lead to the most precise estimation of structural model parameters. An exception to this pattern
is the behavior of the variances of the latent disturbance terms, which, while poorly estimated by
both PM designs, appear to fare better under the “indicators within sets” approach, at least for
small factor correlation values.
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Adjusted relative efficiency of parameter estimates in Study 4, Models 8a, and 8b. The Y axis displays adjusted relative
efficiency. ¢ is the value of all factor correlations, varied along the X axis. Factor loading values are all .7, and residual
variances are all .51. The model is identified by fixing the first loading of each factor to .7 (its population value). The gray
line at 2/3 reflects all parameters” ARE in the RN design.

7. Discussion

In four studies, we examined the effect of planned missing data designs (PM, RN, and a
full range of INT designs) on the adjusted asymptotic relative efficiency of estimates of different
types of parameters, under a variety of models and the full range of item correlations. Below, we
summarize the results and offer a discussion of key findings.

7.1. Parameter Type

Some types of parameters are more efficiently estimated under PM designs than RN designs.
In particular, parameters involving only exogenous observed variables—means, variances, within-
set covariances, and even between-set covariances when variables are highly correlated—are
more efficiently estimated under PM and INT designs than the RN design. In contrast, regression
coefficients among observed variables are rarely more efficient under a PM design, and worse, they
frequently display unacceptably low ARE. Study 2 found that between-set regression coefficients
are frequently half as efficient in the PM design as in the RN design, suggesting that to have the
same power as the RN design, sample size (and cost) would need to be doubled. Using an INT
design, a modification of the PM design that administers all variables to a fraction of the sample
ameliorates the situation by bringing ARE for regression coefficients closer to what they would
be under an RN design; however, including as much as 30 % complete data might improve ARE
just 15 %. Even if other good reasons to use a PM design exist, this dramatic drop in efficiency
should make researchers pause before choosing to use a PM design if the model of interest is a
regression or a path analysis model.

7.2. Assignment to Sets

It is possible to manipulate the assignment of variables to sets to improve ARE of regression
coefficients: ARE improves substantially when predictors and dependent variables are included in
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the same set. In addition, Study 3 shows that when either the dependent variables or the independent
variables come from the X set, efficiency is improved even more dramatically. Studies 3 and 4
reveal that PM and INT designs may optimize the efficiency of certain parameters if the model of
interest is a latent variable model. When indicators are divided across sets, factor covariances and
latent regression coefficients are estimated more efficiently in the PM design than the RN design
across most values of factor correlations. In contrast, measurement model parameters tend to be
less efficiently estimated under the “indicators across sets” PM design than the RN design. When
all indicators of a factor are assigned to the same set, the opposite pattern is found: measurement
model parameters are estimated about as efficiently as in the RN design but factor covariances
and latent regression coefficients are estimated less efficiently.

Including an X set also improves efficiency of many parameters relative to a PM or INT
design without the X set. In particular, all regression paths connecting two variables, where one is
in the X set, have acceptably high ARE relative to the RN design (i.e., ARE of these parameters
are typically only about 5 % lower in the PM design than RN design). In latent variable models,
including an X set brings ARE of all parameters to a minimum of 60 % (vs 30 % when the X
set is not included). Covariances and regression paths between pairs of variables in different sets,
where neither is in the X set, are not noticeably improved by the addition of an X set.

These results suggest that if the goal is to study the relations among constructs, then the best
strategy is to measure constructs using scales (rather than single items), to split scale items across
sets, to include an X set, and to use a latent variable model to capture the relations among the
latent constructs. Measurement parameters will have lower efficiency than they would in an RN
design, but this is less important unless the goal is to study the measurement properties of the
items themselves (for example, if the scales have not been previously validated).

7.3. Correlation Strength

In a saturated model, the ARE of estimates of variances, covariances, and means increases
with increasing correlations for PM designs. This increase in ARE can be as high as .45 for some
parameters, such as between-set covariances. This effect is wholly due to increasing between-set
correlations: as within-set correlations increase independently of between-set correlations, ARE
of all these parameters actually decreases slightly. Therefore, the best conditions for estimating
exogenous variables’ parameters occur when between-set correlations are high and within-set
correlations are low. This situation can be achieved by placing variables that are likely to be
highly correlated in different sets.

When the model is a regression model, ARE ratios of the corresponding parameters are less
strongly affected by between- and within-set correlations. The efficiency of between-set regression
coefficients does not change much when all correlations increase together. The efficiency of within-
set regression coefficients, in contrast, decreases by more than 25 % as all correlations increase.
This is an interesting finding in light of a widely reported assumption that stronger correlations
lead to a lower rate of missing information in regression coefficients (e.g., Enders 2010; Graham
et al., 1996).

In latent variable models, ARE of all parameters are highly affected by the strength of latent
correlations. Parameters that are estimated inefficiently when correlations are low (e.g., factor
loadings, factor variances, residual variances in Models 6, 7, and 8a) become more efficient with
rising latent correlations. In contrast, latent regression coefficients are negatively affected by
increasing factor correlations: they have the highest ARE when factors are uncorrelated, but it
drops below that of the RN design when latent correlations reach about .5 (with no X-set; Model
7), or .8 (with X set; Model 7X). It is perhaps uncommon to have a latent variable model with
factor correlations higher than .5, and thus latent covariances, correlations, and regressions will
typically be more efficiently estimated with a PM design than an RN design.
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7.4. Cost Efficiency

One of the primary motivations to use a planned missing design is cost savings. Researchers
may thus be interested in knowing to what extent it is possible to create a planned missingness
design to reduce the price of data collection while holding power constant. There are two compo-
nents to such a calculation: relative efficiency and relative cost. In this paper, we have been con-
cerned with measuring the relative efficiency component. However, if relative cost of data collec-
tion is known, then it is possible to use relative efficiency to compute efficiency per research dollar.

By comparing PM, RN, and INT designs on a per-data-point basis, we implicitly assume a
cost model in which the cost of implementing a design is a linear function of the number of data
points collected. This is a plausible way to estimate the cost savings of a PM design relative to
collecting complete data, but it will not always apply. If the real costs of data collection fit this
model, then ARE can be used to assess cost savings directly. Alternatively, the cost of gathering
data from one participant may be the same regardless of how many items she completes (in this
case, the rationale for using a PM design would be based entirely on fatigue effects, rather than
cost), or the cost of collecting complete data may be double that of collecting PM data if it requires
a second testing occasion to complete the additional items.

To adjust ARE for a different ratio of cost efficiency, we can compute ARE* =

(3) carie ey (Models 1-3, 6, 7, 8a, 8b) or ARE* = (3) rriianrey (Models 4-5, 6x,

7x), where RC is the relative cost of collecting PM data on one participant to that of collecting
complete data on one participant, and ¢ and g; are defined in Sect. 2.1.

For example, consider a design in which collecting complete data is twice as expensive, per
participant, as collecting PM data, i.e., RC = 1/2. For a regression coefficient in Model 5a with
ARE = .70 inthe PM design (q; = 0, c = 1) and ARE = .75inthe RN design (g1 = 1, ¢ = 3/4),
we would get ARE* = (3/2) ARE = 1.05 for the PM design and ARE* = ARE = .75 for the
RN design. That is, given a 2:1 cost ratio, the PM design would result in more efficient estimation
of the regression parameter per research dollar than the RN design.

7.5. Conclusions and Recommendations

Many practical reasons exist for using planned missing designs in psychological research,
most of which have to do with the increased validity of measures collected from participants who
are not overburdened. The goal of the present research was to examine whether PM designs may
also be preferred for theoretical (statistical) reasons, as was implied by Graham et al. (2001). The
results are mixed, and strongly dependent on the type of model estimated, the strength of the
correlations among the variables, and the type of the PM design. Some of the practical reasons for
preferring PM designs (e.g., minimizing fatigue) may be compelling enough to lead researchers to
use a PM design even when efficiency compared to an RN design is low. Additionally, while some
parameters suffer a large efficiency loss under PM designs, there are conditions that can minimize
these losses. We encourage researchers to consider these issues carefully when creating a PM
design for data collection. Our results also support the common recommendation that including
an X-set is essential as this prevents ARE from dropping too low.

Designs that blended the PM and the RN designs by including some proportion of complete
cases (INT designs) almost always displayed ARE somewhere between the PM and RN designs,
and this increase in ARE was typically steepest for the lower proportion of complete cases. When
collecting complete data is not expected to be overly burdensome, the most prudent design may
be one of these INT designs: by including 50 % complete cases, estimates are protected from
suffering too much efficiency loss. A potential benefit of this strategy is that it allows researchers
to compare the results from those participants who completed a PM form to those who completed
all items (e.g., Harel et al., 2011 did this and found interesting effect size differences among the
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groups). Such an analysis can quantify the gains in validity or reliability that come from using a
PM design, and may be very useful in informing future research. On the other hand, if participant
burden is high in the complete case design, then having 50 % of the sample provides complete
data, which essentially guarantees lower-quality data in this half of the sample.

Finally, our research question has been whether, and under what conditions, PM designs have
a theoretical advantage over RN designs. This focus has naturally created limitations. First, our
study has been that of relative efficiency, as captured by the increase in the size of the asymptotic
variance due to the introduction of incomplete data. When testing if a parameter is different from
zero, however, relative efficiency only implies a relative drop in power, not low power in absolute
terms. Absolute power varies with effect size and sample size, and PM designs may have adequate
power to test parameters that have exhibited low relative efficiency in our studies, depending on
the true value of the parameter and the sample size. Figure 1 allows the reader to translate ARE
into power. Second, our results are asymptotic. In real data, sampling variability may exert effects
that cannot be seen here.
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Appendix A: Translating Relative Efficiency into Change in Power

Let 0 be the parameter of interest. We want to test the null Hy : 6 < 0 against the alternative
H; : 0 > 0. Let éCD be the complete data estimator based on a given n. We assume that the
sampling distribution of this estimator is approximately N (9, %SE;CD). Similarly, let fpm be
the incomplete data estimator (from a PM design) based on a given n, with the approximate
sampling distribution N (9, %SE%PM). Without loss of generality, and for simplicity, we assume
n = 1 below (none of the relevant equations depend on n). Additionally, we assume for simplicity
that standard errors are known, to avoid complicating the expressions with the “hat” notation.
The expressions are then approximate and become exact asymptotically. Finally, the most serious
but necessary simplifying assumption is that the variance of the estimator does not depend on the
population value; i.e., SEy cp = SEcp and SEg pm = SEpwm for all values of 6.

The Wald test statistic is given by zcp = SGECED , and its critical value for a one-tailed test at a given

significance level & is zcrrr = ® ' (1 — ). Suppose the true value is 6. Then, power is given by

~

Ocp
7gy,cp = 1 —Pr(zcp < zcrirlf =60p) =1 —Pr

SEcp

Ocp — 6 6 0
=1—P1'(MEZCRIT__O|0=90)=I—CD(ZCRIT— 0 )

< zcrrrl0 = 90)

SEcp SEcp SEcp

It follows that

1 = 0
-7 = —
60,CD ZCRIT SEcp
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6 &
O — o l(l—a)— 2
SEcp SEcp
Oo
SEcp = . 2
P P11l —a)— P! (1 — JTQO’CD) @

@~ (1 — 7g,.cD) = zcRIT —

Similarly, for incomplete data,

o

SEpy = .
M o T —a) = &1 (1= 740 pm)

3

The square-root of the (adjusted) relative efficiency (RE or ARE; recall that these are identical
for PM designs) is the ratio of (2) and (3), and plugging these expressions in, we obtain

_ SEcp 11 —a)— @71 (1 — 7g,.pm)
"~ SEpm @ (1—a)— @' (1 — mgcn)

AREy

After some algebraic manipulation, we obtain the final expression for the power of the incomplete
data design as a function of relative efficiency and the power of the complete data design:

[qu(l —a) - (1 - ngO,CD)] VARE = ®'(1 — @) — &1 (1 = 740 pm)
O~ (1 =) = [@7 (1 — @) = &7 (1 = 74 cp) | VAREg = &' (1 = 75, pm)

Toem = 1= @ {0711 =) = [®7(1 =) = &7 (1 = 7, cp) | VAREG }

Or equivalently,

Topm = 1 — @ {@‘1(1 —a)(1 — /AREg) + &' (1 = 74, cD) \/AREQ} .
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